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ABSTRACT

In this paper, 3-point Block Backward Differentiation Formulas (3BBDF) is used for
the numerical solution of Fuzzy Differential Equations (FDEs). Implementation of
3BBDF using Newton iteration is discussed. Numerical results obtained by the 3BBDF
are presented and compared with the Modified Simpson method to illustrate the ability
of the 3BBDF method for solving FDEs.
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1. INTRODUCTION

The idea of fuzzy sets was first introduced by Zadeh (1965) where
membership function was initiated and was known as the degree of an
element in a particular set. Chang and Zadeh then introduced fuzzy mapping
in Chang and Zadeh (1972) where it is being used as one of the most
important conditions in control problems in order to achieve a control goal.
Dubois and Prade in Dubois and Prade (1982) used extension principle in
their work on differentiation at a fuzzy point of an ordinary function as well
as differentiation at a non-fuzzy point of a fuzzy function. Seikkala in
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Seikkala (1987) generalized the concept of fuzzy initial value problems
(FIVPs) and it has been used widely by many researchers nowadays. Ma et
al. (1999) was the first who introduced a numerical solution of fuzzy
differential equations (FDEs) by using classical Euler method while
Duraisamy used a modified Euler method in Seikkala (1987).
Homotopypertubation method was used by both Allahviranloo and Ghanbari
in [5, 12] where linear FDEs and FIVP involving generalized differentiability
were solved. In this paper, we modify fully implicit 3-point Block Backward
Differentiation Formulas (3BBDF) proposed by Ibrahim et al.in [14] in order
to find the solutions for FIVPs. In the next section, we give some basic
properties of FDEs.

2. PRELIMINARIES

A fuzzy number m can be written in parametric form as m =
(m(r),m(r)), r € [0, 1] that satisfies the following conditions:

(@ (m(r) is a bounded left continuous monotonic increasing
function over [0, 1],

(b) m(r) is a bounded right continuous monotonic decreasing
function over [0, 1], and

) m(r)<m(r),0<r<1.

A triangular fuzzy number, n is defined by three numbers k, k, and
ks where k; < k, < k3. The membership function of n is a triangle with
base [k4, k3] and vertex at k.

In this paper, we consider the following first-order fuzzy initial value
differential equation given by

{y’(t) =f(ty®), teltoT] (1)

y(to) = ¥o
where y is a fuzzy function of ¢, f(t, y(t)) is a fuzzy function of the crisp
variable t and the fuzzy variable y, y’is the fuzzy derivative of y and

y(ty) = yo IS a triangular or a triangular shaped fuzzy number. The fuzzy
function yby y =[y,y]. This means that the r-level set of y(t) for

telty Tlis[y®1r = [yENIED].
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Also
[y®)], = [y, 7]
[F(Ey®)], = [f&y@®:m), FEy@;n)]

Write f(t,y) = [f(ty),f(t,y)] and f(t,y) = F[t, 7] F(ty) =
G[t y, ¥ ] Sincey’ = f(t,y), then
y(&r) = f(ty(esm) =F |6y, 5]
Y(67) = F(Ly®ir) = G|ty 55 n)]

Also,
[yt = [y(toiT), (ko T)]
[volr = [¥0(), 7,1
Y(tosr) = o), V(i) = F,(r)

By using the extension principle defined by Zadeh (1965), the membership
function is

fy®)(s) = sup{y®)(@|s=f(t,1)}seR

From this, it follows that

[FEy@) ], = [fEy@in), FEty@;n].re[0,1]

where

fy@);r) = min{ f(t,Wlue[y®)]r}

fy(®);r) = max{ f(t,w|ue [y(@)]r}.

3. REVIEW OF 3-POINT BBDF

In this section, we review the derivation of implicit 3BBDF by
Ibrahim et al. in [14]. Consider an initial value problem for the first order
ODE of the form:

y’=f(x:3’);}’(a)=J/0;a5be (2)
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The method computes three approximation values, y,,+1, Yn+2 and
Vn+3 Simultaneously using one earlier block as shown in Figure 1.

h h h h h
| | | | | |
\ | \ \ | \

Xn-2 Xn-1 Xn Xn+1 Xn+z Xn+3

Figure 1: 3-Point Block Method of Constant Step Size

The coefficients of 3BBDF are generated by the backward difference
representation of the interpolating polynomial Ps,,,3(x) which interpolates

f(x,y) at points yn_z, Yn-1, ¥n, Yn+1, Yn+2 @nd Y3 has the form,

—S
Psmes(®) = Zonmo (=™ () V" Vs 3)
where
g = X~ Xn+3
h

The result of differentiating (3) once at the point x = x,,, 3 gives

P'sne3(0) = 2 X0 81m V™ Vues (@)
Therefore, for the case j = 1, it follows that

Dy (t) = Xin=0 81,mt™ = —log(1 —t) (5)

Equation (5) can be represented in the form of infinite series as follows

1 1
—log(1—1t) = t+§t2+§t3 + -

Then equating coefficients of t™ in (5), results in the following relationship:

5
Z 51,mtm = 61,01:0 + 61,1t1 + 61,2t2 + 61’3t3 + 61,4_t4 + 61,5t5

m=0

_ 1.2 ,1.3 1.4 1.5
=ttt ottt (6)
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where
1 1 1 1
51,0 =0, 51,1 =1, 51,2 = 5’51,3 = 5:51,4 = 2;51,5 = g
Therefore,
5
Z 61,mvm Yn+3
m=0

= 810VVn43 + 811V Vi3 + 812 VPVni3 + 813V Y43
+ 81,4V V43 + 615V Vnes

=0+V* Lo 1o Lgs
+ Yn+3 + 2 Vn+3 + 3 Vn+3 + 4 Vn+3
1
+ gvs}’n+3

1
=Yn+3 ~ Yn+2 T E(Yn+3 —2Yn4o + yn+1)

1
+ § (Yn+3 - 3yn+2 + 3yn+1 - Yn)

1
+ Z (Yn+3 - 4‘yn+2 + 63’n+1 - 4)’n + yn—l)

1
+ g (Yn+3 - 53}n+2 + 103’1’L+1 - 103’11 + Syn—l - Yn—z)

It follows that

5
m 137
2 51,mv Yn+3 = EYn+3 = 5Yn+2 + 5Vn+1
m=0 10 5 1
_?Yn +ZYn—1 _EYn—Z (7)

Equating (7) to f (xn+3, Yn+3), We obtain the discrete approximation to (2)
5
. 137
hfais = Z 81,mV"™ Ynys = Wyn+3 — S5Yn+2
m=0
10 5 1
+5)In+1 - ?yn + Zyn—l - g)’n—z

Solve for y,, 3, yields
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12 75 200 300 300 60
e T I e += +—h 8
Yni3 = 57 Vn-2 ~ 57 Vn-1 T 32 Vn — 5o Vne1 T o Vnt2 T o fn+3 (8)

The derivation of the first point y, ,, and the second point y,,,, are derived
similarly by using the method previously described. The 3BBDF methods for
finding the solution (2) at x,,1, X,4+2 and x, .3 Simultaneously have the
form,

1 3 3 3
Yn+1 = E)’n—z - Zyn—l + 3yn - Eyn+2 + %yn+3 + 3hfn+1
4 12 24 12 12
Vn+2 = _a}’n—z + Eyn—l - Eyn + Eyn+1 - Eyn+3 + Ehfn+2
12 75 200 300 300 60

Yn+3 = T3 ¥n-2 137 Yn-1 F 370 T 3o Yea t 37 Ve F 13_7hfn+3

4. MODIFIED 3-POINT BBDF FOR SOLVING FDEs
DIRECTLY

Let Y =[r,Y] be the exact solution and y= [X’ 7] be the
approximated solution of the FIVP given in equation (1). Let

YOl =Y, YD),
®l = [y, 56|,

Throughout this argument, the value of r is fixed. Then the exact and
approximated solution at t,, are respectively denoted by

[Y(tn)]r = [Z(tn; r), 7(tn; 7")]
)y = [y (s 1), 7t )]

for (0 < n < N).Given the initial condition of the FIVP as in equation (1)
[y(t)]; = [y(to; ), ¥(t0; 7))
It follows that
F(to;) = F [0,y (t0; 1), ¥ (to; 7))

G(toi™) = G [to,y(to; 1), 7 (ks 7))
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The initial values [y(t;)],, [y(ty)], and [y(t3)], are obtained by using Euler
method,
Y(tnisT) = Y(tas ) + RF (ty;7)

Fltns137) = F [tnan, ¥ (tess 1), Y (tnesi 7|
F(tuis ) = F(tai7) + RG (3 7)
Gtns1i™) = 6 [t Y (tnari 1), T tnari )]

for 0 < n < 2. The predictor formulas at t,,,1, t,+2 and t, 5 are

[y©(tas)] = X(i)(tn+1i7”):y(i)(tn+1i7”)’

T

O], = [y 02,7 s
r

and .
O], = [0 ) T e

respectively or can be written as

e The lower and upper parts of [y (tns)].
= [X(i) (tns1s T):y(o (tns1s 7”)]

YO (tns1;7) = Y(tnoz; ) = 3y(tn_y;7) + 3y (te; )
FO(tny137) = F [tnan, YO e 1), 7 (neri )]
T (tns157) = F(tg2i ) = 35 (b1 ) + 37 (s )
G(i)(tn+1i7”) =G [tn+1'Z(i)(tn+1iT)'y(i)(tnﬂiT)]

e The lower and upper parts of [y(i)(tn”)]r
= [y tnszi ), 7 sz 1)

YD (tn2;7) = 3y(tyzi ™) = BY(ty_1;7) + 6y (ty; )
FO(tnr237) = F [tnaz, YO ez 1), 7 (i)
7 (tns2i7) = 35 (tno2i ) = 8F(tpo1;7) + 67 (ti )
CO(tn2im) =G [tn+2,z(i) (tn+227")'y(i) (tn+227”)]
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e The lower and upper parts of [y(i)(fn+3)]r
= [y Otz ™), 7 (tnesi T

YO (tnysiT) = 3y (tnz;7) = 8Y (tn-1;7) + 6y (tn; )
FO(tny3i7) = F [tnas, YO ez 1), 7 (nesiT)|
Y (tnasiT) = 39 (tnazi ) — 85t 157+ 67 7)

GO tnysi™) = 6 [tnra YO tnazi 1), 7 (tras )|

The matrix form of Newton iterations are as follows:

1— 3haF(tn+1;r) 5_ 34 OF (tny1;7) _i _ 3haF(tn+1F )]
0y (tn+1;7) 2 0y (tn+2;7) 20 0y (tn43;1)
2412 OF(tupir) 12 0F(tuzin) 1212 0F(tusir)
13 13 0y(tpts;1) 13 0y(tns2;1) 65 13 0y(tn+37)
300 60  OF(tnys;r) 300 60  OF(tnasit) 60  OF(tpss;T)
137 137 0y(tpsnir) 137 137 Oy(twszir) ~ 137 Oy(tuesir) ]
_E(Hl) (tnt157)
e (tpyp;7)
_E(Hl) (th+ssT)

3 3

[ -1 -2 ] 3 0 0
| 2 20 I[y()(tnﬂ,?‘)] 0) .
12 F (tn+1;7")
=l 3 ! &l D(tarin) |+ 1|0 T3 [[FO (27
300 300 yOUuzn)| |0 0 2L|lFOCnan)
137 137 1 137
Q(tn+1i7’)
+ Q(tn+2;r)
Q(tn+3;r)

and
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1— 3haG(tn+1;r) E_ 9G(tny1;1) _i _ 0G (tny1;7)]
0y (tns1;1) 2 0y (tns2;1) 20 0y (tnis;1)
24 12 0G(tuzr) 12 0G(twyir) 1212 0G(tysi)
13 13 0y(tes1) 13" 0y(theo; ) 65 13 0y(tyeair)
300 60 0G(tnes;r) 300 60  0G(tn,s7) 60 3G (tyss:T)
(137 7 137" 0y(tyep;r) 137 137 0y(tyeg;7) 137 0y (tyea; 1) |
¢ (tysim)
2 (tnaaim)
.E(H-l) (tn+3; T)
[ 3
o S0 3 0 07
I 2 Zle (Ens:7) [ 12 ]G(‘)(fnﬂ””)
= 3 -1 _(l)(tn+2;7‘) +h|" 13 | GO (tpezim)
—( 60
l 300 300 7tz [0 0 = GO (tpez;m)
137 137
W(tnsr;T)
+ E(tn+2;r)
W(tpi2;T)
where

o [e®D(tne) ]y [eWV (tne2) Irand [V (t,45) ] represent the
increment of[ y(tn+1) I, [ ¥ (tn+2) 1rand [ y(tn3) ], respectively.

o [w(thi)]r [‘U(tn+1'7”) w(tn+1'7”)]
[w(tns+2)]r [w(tn+2:7”) (U(tn+2:7”)] and  [w(tye3)]y = [w(thssT),
w(tyes;7)] represent the back values at t,, 1, tpe, and
t,+3 respectively.

The corrector formulae, [y (tyi1)] [y (tns2)] and [y (b))
are written as follows

e The lower and upper parts of [y (t,,,)] are

J_/(Hl) (tnsp;7) = 3_/(0 (tn+1s7) + E(Hl) (tnt1;7)
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—(i+1)
F(Hl)(t +1 T) =F [tn+1 Yy +1)(tn+1'r) y v (t""'l;r)]
_( 1) (0 S+
" (tass7T) = yl (thysT) +e a ((tn‘)"l’r)
1
G(‘+1)(tn+1 1) = G tnsn, Y 4D e i), T (i 1)

o The lower and upper parts of [y (t,,,)] are

(z+1)(tn+2 r) = y( Mty 1) + e(‘+1)(tn+z )
1
F(H'l)(t +2; T) =F [tn+2 y( 1)(tn+2:r) y(H )(tn+2'r)]

T sz ) = 7 (bnazs ™) + e(‘“)((tn;z. r)
+1
(Hl)(t a21) =G [t +2) y( 1)(tn+2:7”) yl (tn+zi7‘)]

e The lower and upper parts of [y (t,,5)] are

y(i+1)(tn+3'r) = y(i)(tn+3'r) + eV (tyy57)
=(i+1)
F(l+1)(tn+3 T') == F [tn+3 y( 1)(tn+3'r) y " (tn+3;r):|
_( 1 1
(i) =50 (tgair) + 20 )((tn;r3'r)
+1
G(H'l)(t +37) =G [tn+3 y( +1)(tn+3,7”) y l (tn+3;7')]

5. NUMERICAL EXPERIMENT
We consider the following FIVP

y'(®) =yt e[01]
with initial condition
y(0) = (0.75 4 0.25r,1.125 — 0.1257).
The exact solution at ¢t = 1 is given by
Y(1;7) = [(0.75 4+ 0.257)e, (1.125 — 0.1257)e]

Source: Ma et al. (1999).
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In this example, our method 3BBDF is compared with the method
used by Moghadam and Dahaghin (2004). The result is obtained as shown in

Table 1.

The following notations are used in the tables:

h = Step size

r =r —level set of y(t) fort € [0,1]

3BBDF = 3-point BBDF
MS = Modified Simpson

The errors in the computed values of y and y are calculated as follows:

Error = Y(1;1) — X(l;r)| + |7(1;r) —y(l;r)|

TABLE 1.Error Comparison between 3BBDF and Modified Simpson

h r 3BBDF MS

0 7.74E-02 4.46E-03

02 T7.84E-02 4.50E-03
P 4.58E-03
0.6 8.05E-02 4.64E-03

08  8.15E-02 4.70E-03

1 8.25E-02 4.76E-03

0 8.41E-08 0.00E+00

02  852E-08 1.00E-07

o 04 863E08 1.00E-07
0.6  8.75E-08 0.00E+00

08  B8.86E-08 1.00E-07

1 8.97E-08 1.00E-07
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© 3BBDF
x MS

—Exact

4 26 28 3
[yl1)),

Figure 2: Comparison between Approximate Solutions and Exact Solutions at h=10".

O 3BBDF
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x MS

—Exact
0.6

04

0.2

2 22 24 28 3

vl

Figure 3: Comparison between Approximate Solutions and Exact Solutions at h=10"

6. CONCLUSION

In this work, we modified and implemented3BBDF from solving
ODEs to FDEs. We have shown that for certain problems, 3BBDF
outperform Modified Simpson in terms of accuracy. This indicates that
further research on 3BBDF using variation in step size is valuable for FDEs.
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